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Second-order topological superconductors host Majorana corner and hinge modes in contrast to
conventional edge and surface modes in two and three dimensions. However, the realization of such
second-order corner modes usually demands unconventional superconducting pairing or complicated
junctions/layered structures. Here we show that Majorana corner modes could be realized using a
2D quantum spin Hall insulator in proximity contact with an s-wave superconductor and subject
to an in-plane Zeeman field. Beyond a critical value, the in-plane Zeeman field induces opposite
effective Dirac masses between adjacent boundaries, leading to one Majorana mode at each corner.
Similar paradigm also applies to 3D topological insulators with the emergence of Majorana hinge
states. Avoiding complex superconductor pairing and material structure, our scheme provides an
experimentally realistic platform for implementing Majorana corner and hinge states.
Introduction.— Majorana zero energy modes in topo-
logical superconductors and superfluids [1–4] have at-
tracted great interests in past two decades because of
their non-Abelian exchange statistics and potential ap-
plications in topological quantum computation [5, 6]. A
range of physical platforms [7–18] in both solid state and
ultracold atomic systems have been proposed to host Ma-
jorana modes. In particular, remarkably experimental
progress has been made recently to observe Majorana
zero energy modes in s-wave superconductors in prox-
imity contact with materials with strong spin-orbit cou-
pling, such as semiconductor thin films and nanowires,
topological insulators, etc. [19–24]. In such topologi-
cal superconductors and superfluids, Majorana zero en-
ergy modes usually localize at 2D vortex cores or 1D
edges, where the Dirac mass in the low-energy Hamilto-
nian changes sign.
Recently, a new class of topological superconductors,
dubbed as higher-order topological superconductors, has
been proposed [25–38]. In contrast to conventional
topological superconductors, r-th-order (r ≥ 2) topo-
logical superconductors in d-dimensions host (d − r)-
dimensional Majorana bound states, rather than d−1 di-
mensional gapless Majorana excitations. For example, in
a 2D second-order topological superconductors, the edge
modes manifest themselves as 0D Majorana excitations
localized at the corners, instead of 1D edges, giving rise to
Majorana corner modes (MCMs). A variety of schemes
have been proposed recently to implement MCMs, such
as p-wave superconductors under magnetic field [26], 2D
topological insulators in proximity to high temperature
superconductors (d-wave or s±-wave pairing) [29–31], pi-
junction Rashba layers [34] in contact with s-wave su-
perconductors. However, those schemes demand either
unconventional superconducting pairings or complicated
junction/lattice structures, which are difficult to imple-
ment with current experimental technologies.
In this Letter, we propose that MCMs can be realized
with a simple heterostructure composing of an s-wave su-
FIG. 1: Illustration of a heterostructure composing of a quan-
tum spin Hall insulator on top of an s-wave superconductor
and subject to an in-plane Zeeman field. The spheres at four
corners represent four Majorana zero energy modes.
perconductor in proximity contact with a quantum spin
Hall insulator (QSHI) and subject to an in-plane Zee-
man field, as sketched in Fig. 1. Here we consider a
simple square lattice and the MCM physics does not
rely on certain lattice symmetry. At each edge of the
2D QSHI, there are two helical edge states with oppo-
site spins and momenta, which thus support proximity-
induced s-wave superconducting pairing, resulting in a
quasiparticle band gap for the helical edge mode spec-
trum.
Because of different spin-orbit coupling at adjacent
edges, an in-plane Zeeman field induces quite different
effects on adjacent edges. Across a critical Zeeman field,
the quasiparticle band gap along one edge first closes
then reopens, indicating a topological phase transition,
but remains unaffected for adjacent edges. Before the
phase transition, the Dirac mass term in the low-energy
effective Hamiltonian for the helical edge states has the
same sign for two adjacent edges. After the topological
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FIG. 2: Quasiparticle bands with edge spectrum (red lines) for open boundary conditions along y or x directions. (a1) and
(a2) hx = ∆0 = 0; (b1) and (b2) hx = 0.0,∆0 = 0.4; (c1) and (c2) hx = 0.3,∆0 = 0.0; (d1) and (d2) hx = 0.4,∆0 = 0.4; (e1)
and (e2) hx = 0.6,∆0 = 0.4. Other parameters: tx = ty = λx = λy = 1, and 0 = 1.
phase transition, the Dirac mass term reverses its sign
at the corner connecting two edges, resulting in MCMs.
In contrast, the corner Dirac mass sign change in previ-
ous schemes originates from the sign change of the pair-
ing order through unconventional superconducting pair-
ing. There is only one MCM at each corner due to the
time-reversal symmetry breaking, instead of Majorana
Kramers pairs [29, 30].
Applying similar physics to 3D, we find that second-
order topological superconductor can be implemented in
a 3D strong topological insulator, where the interplay be-
tween s-wave pairing and Zeeman field (not necessarily
in-plane) gives rise to four domain walls on the edges be-
tween two neighboring surfaces, yielding Majorana hinge
modes.
Physical system and model Hamiltonian.— Consider a
QSHI in proximity contact with an s-wave superconduc-
tor and subject to a Zeeman field h (see Fig. 1). The
four edges of a square sample are labeled by i, ii, iii, iv.
The physics of the heterostructure can be described by
an effective Hamiltonian [29]
H(k) = 2λx sin kxσxszτz + 2λy sin kyσyτz
+ (ξkσz − µ) τz + ∆0τx + h · s, (1)
under the basis Cˆk =
(
ck,−isyc†−k
)T
with ck =
(ck,a,↑, ck,b,↑, ck,a,↓, ck,b,↓)
T
. Here λi is the spin-orbit cou-
pling strength, ∆0 denotes s-wave superconducting or-
der parameter induced by proximity effect, ξk = 0 −
2tx cos kx−2ty cos ky with 20 being the crystal-field split-
ting energy and ti the hopping strength on the square
lattice, and µ is the chemical potential. Three Pauli ma-
trices σ, s and τ act on orbital (a, b), spin (↑, ↓) and
particle-hole degrees of freedom, respectively. For sim-
plicity of the presentation, we focus on µ = 0 case, where
simple analytic results for edge modes can be obtained.
In the absence of superconducting pairing and Zee-
man field, the Hamiltonian (1) is invariant under the
time-reversal T = isyK and space-inversion I =
σz operations, where K is the complex-conjugation
operator. The band topology can be characterized
by a Z2 topological index protected by T symmetry.
The system is a QSHI in the band inversion region[
20 − (2tx + 2ty)2
] [
20 − (2tx − 2ty)2
]
< 0, which con-
sists of two copies of quantum anomalous Hall insulators
in the orbital space. With the open boundary condition,
there are two helical edge states with opposite spins and
momenta propagating along each edge (Fig. 2(a)) in the
QSHI phase, which are expected from the bulk-boundary
correspondence [1, 2].
Topological phase diagram and MCMs— In the pres-
ence of superconducting order parameter ∆0, a finite
quasiparticle energy gap is opened in the edge spectrum
for two helical edge states due to the s-wave pairing, as
illustrated in Fig. 2(b). The in-plane Zeeman field hx has
different effects on the single particle edge spectra (i.e.,
∆0 = 0) along x and y directions: it can (not) open the
gap along kx (ky) direction (Fig. 2(c)). Such anisotropic
effect of hx leads to very different physics with a finite
∆0. Along kx direction, the quasiparticle band gap first
closes (Fig. 2(d1)) at the critical point hxc = ∆0 and
then reopens (Fig. 2(e1)) with increasing hx, indicating
a topological phase transition. While along ky direction,
the quasiparticle band gap does not close (Figs. 2(d2,e2)).
The resulted topological phase in Fig. 2(e) can be charac-
terized by a Z invariant [39]. The difference between the
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FIG. 3: (a) The density distributions of the edge bound states
for a trivial superconductor. hx = 0, ∆0 = 0.4. (b)-(c)
Density distributions of MCMs. The radii of the blue cir-
cles are proportional to the local density. The insets show
the energy levels. hx = 0.8, ∆0 = 0.4. (d) Phase dia-
gram with µ = 0.2. NSC denotes the trivial superconduc-
tor. The color bar ∆g indicates the edge energy gap. The
white line represent the phase boundary hx =
√
µ2 + ∆20.
Parameters tx = ty = λx = λy = 1 and 0 = 1 are used.
edge spectra drives the heterostructure to a second-order
topological superconductor.
The emergence of MCMs after the topological phase
transition is confirmed by the numerical simulation of
corresponding real space lattice tight-binding model, as
shown in Figs. 3(a,b). Before the topological phase tran-
sition (Fig. 3(a)), there are no zero energy bounded
states localized at edges. After the in-plane Zeeman field
passes the critical point hxc, four zero energy MCMs
emerge at four corners (Fig. 3(b)). The emergence of
MCMs does not depend on the sample geometry (e.g., a
rectangle sample yields the same result). In Fig. 3(c), a
right triangle sample is also considered. Comparing with
the square sample with the same parameters (Fig. 3(b)),
there are only two MCMs at left two corners due to the
orientation of the hypotenuse edge that leads to different
effects of the in-plane Zeeman field.
Low-energy theory on edges.— All above numeri-
cal results can be explained by developing an effec-
tive low-energy theory on edges. With both supercon-
ducting order and in-plane Zeeman field, the Hamil-
tonian H(k) possesses both inversion symmetry and
particle-hole symmetry PH(k)P−1 = −H(−k), but
breaks the time-reversal symmetry, where P = τxK.
Without loss of generality, we assume a positive in-
plane Zeeman field applied along x direction, i.e., hx >
0 and hy = hz = 0. The eigenenergies of H(k)
are E (k) = ±
√
(2λx sin kx)
2
+ (ς ± hx)2, where ς =
√
ξ2k + (2λy sin ky)
2
+ ∆20 and each of them is two-fold
degenerate.
The low-energy effective Hamiltonian can be obtained
through the lowest order expansion with respect to k at
Γ point
Heff (k) =
(
+ txk
2
x + tyk
2
y
)
σzτz + 2λxkxσxszτz
+2λykyσyτz + ∆0τx + hxsx, (2)
where  = 0 − 2tx − 2ty < 0 is assumed such that the
QSHI is topologically non-trivial and characterized by
the Z2 index without superconducting pairing and Zee-
man field.
Assuming an open-boundary condition along the x di-
rection for edge i, we can replace kx with −i∂x and
rewrite Heff (k) = H0 (−i∂x) + Hp (ky) with H0 =(
− tx∂2x
)
σzτz − 2iλx∂xσxszτz, and Hp = tyk2yσzτz +
2λykyσyτz + ∆0τx + hxsx. When the pair order ∆0 is
small comparing to the energy gap, we can treat Hp as
a perturbation and solve H0 to derive the effective edge
Hamiltonian for edge i. Assume that Ψa is a zero en-
ergy solution for H0 bounded at edge i, σyszτzΨa is also
the eigenstate for H0 due to {H0, σysz} = 0. We choose
the basis vector ζβ for Ψa satisfying σysz ζβ = −ζβ ,
where ζ1 = |−,+,+〉, ζ2 = |+,−,+〉, ζ3 = |−,+,−〉,
ζ4 = |+,−,−〉 are eigenstates of σyszτz. Under this
basis, the effective low-energy Hamiltonian for the edge
becomes HEdge,i = 2iλyszτz∂y + ∆0τx. Similarly, we ob-
tain the low-energy Hamiltonian for every edge, which
can be written as
HEdge,j = −iλjszτz∂lj + ∆0τx + hjsx. (3)
Here the parameters are λj = {−2λy, 2λx, 2λy,−2λx},
lj = {y, x, y, x}, and hj = {0, hx, 0, hx} for j = i-iv edges.
From the effective edge Hamiltonian (3), we see that
the superconducting order induces quasiparticle gaps for
all helical edge states regardless of Zeeman fields since
{szτz, τx} = 0, which is observed in Fig. 2(b). On the
other hand, Eq. (3) indicates that the in-plane Zeeman
field hx only opens a gap on two parallel edges (ii and iv),
but keeps two perpendicular edges (i and iii) untouched,
which are also observed numerically in Fig. 2(c).
When ∆0 = 0, the low-energy edge Hamiltonian pos-
sesses two zero-energy bound states on edge i
Ψ1 (x) = A1 (sinα) e
−λxtx x (ζ1 + ζ2) ,
Ψ2 (x) = A2 (sinα) e
−λxtx x (ζ3 + ζ4) , (4)
where α =
√
− (λ2x/t2x + hx/tx + /tx) and A1(A2) is the
normalization constant. Similarly, there are two zero en-
ergy bound states localized at edge iii, which are con-
firmed by real space numerical simulation (see supple-
mentary material).
After a unitary transformation U = 1 ⊕ (−isy), the
edge Hamiltonian reads
H ′Edge,j = −iλjsz∂lj + ∆0sxτz + hjsx, (5)
4on the rotated basis χ1 = |+1〉 |+1〉, χ2 = |+1〉 |−1〉,
χ3 = |−1〉 |+1〉, χ4 = |−1〉 |−1〉, which are eigenstates
of szτy. For edge i, the Hamiltonian H
′
Edge,i has two
decoupled diagonal blocks with Dirac masses ∆0+hx and
hx−∆0, respectively. While for edge ii, Dirac masses are
the same ∆0 for two blocks. When (∆0 − hx) · ∆0 < 0
(i.e., hx > ∆0), the Dirac masses on edges i and ii have
opposite signs, leading to the emergence of a localized
mode at the intersection of two edges, which is the MCM
observed numerically in Fig. 3(b). At the corner between
edges i and ii, the MCM can be obtained from the zero-
energy wavefunction
Φ (x, y) ∝
{
e
− |∆0−hx|2λy |y−y0| (χ3 − iχ4) (edge i),
e−
∆0
2λx
|x−x0| (χ3 − iχ4) (edge ii),
(6)
where the corner locates at (x0, y0). We see that MCMs
could have different density distributions along different
directions when |∆0 − hx| /λy 6= ∆0/λx.
For the triangle geometry in Fig. 3(c), the effect of
the in-plane Zeeman field on the hypotenuse edge can be
studied by projecting it to the direction of the Zeeman
field, which shows that the Zeeman field acts uniformly
on the hypotenuse and upper edges. Consequently, there
is no kink of Dirac mass at that corner, i.e., no MCM.
Generally, such an argument applies to all geometric con-
figurations with odd edges (e.g. a square with a small
right triangle removed at a corner), which is consistent
with bulk spectra because the particle-hole symmetry de-
mands that zero-energy modes must be lifted pairwise.
For a general form of the in-plane Zeeman field, MCMs
emerge in the region
√
h2x + h
2
y > ∆0. However, an out-
of-plane Zeeman field (hzsz term) does not induce MCMs
because the helical edge states of QSHIs remain gapless
for any hz and hz affects each edge in the same way.
Finally, for a nonzero chemical potential µ 6= 0, the spec-
trum is more complicated (see Supplementary materials),
and MCMs still exist for hx >
√
µ2 + ∆20 with bulk spec-
trum being gapped. The phase diagram with a finite µ
is shown in Fig. 3(d).
Majorana hinge modes in 3D.— Similar physics also
applies to 3D. Consider a 3D topological insulator
described by the Hamiltonian HT (k) = ξ
′
kσzs0 +∑
i λ sin kiσxsi with ξ
′
k = m0 +
∑
i t cos ki, which re-
spects both time reversal and inversion symmetries. For
1 < |m0| < 3, HT (k) represents a 3D topological in-
sulator that possesses surface Dirac cones with gapped
bulk spectrum protected by I and P symmetries. In the
presence of an s-wave superconducting order ∆0 and a
Zeeman field,
H3D (k) = ξ
′
kσzτz + λx sin kxσxsxτz + λy sin kyσxsyτz
+λz sin kzσxszτz + ∆0τx + h · s. (7)
For ∆0 6= 0, |h | = 0, the surface states are gapped and
the system is a trivial superconductor. When hx > 0,
0 2
0
1
1
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y
z
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FIG. 4: (a) Quasiparticle spectrum along kz with open bound-
ary conditions along x and y directions. (b) Majorana hinge
excitations in a 3D second-order topological superconductor.
Parameters are tx = ty = tz = λx = λy = λz = 1, ∆0 = 0.3,
hx = 0.6 and m0 = 2.
hy = hz = 0, the in-plane Zeeman field hx breaks the
time reversal symmetry in the x-direction, generating a
class-D superconductor. Tuning hx > ∆0, we observe the
gapless chiral Majorana hinge modes propagating along
the z direction as shown in Fig. 4. Such a 3D second-
order topological superconductor can be characterized by
a Z invariant [39].
Fig. 4(a) shows the energy spectrum with open bound-
ary conditions along x and y directions, where the chiral
Majorana hinge modes (each two-fold degenerate) emerge
in the bulk energy gap. The combination of the Zeeman
field and the superconductor order gives rise to four do-
main walls at which the Dirac mass sign changes. Due
to the inversion symmetry, the chiral modes at diagonal
hinges propagate along opposite directions, as illustrated
in Fig 4(b). We remark that the requirement of in-plane
Zeeman field can be released in 3D and the direction of
the Zeeman field can be used to control the directionality
of the hinge modes. Specifically, when the Zeeman field
lies along the y (z) direction and hy > ∆0 (hz > ∆0),
the chiral Majorana hinge modes propagate along the x
(y) direction with periodic boundary conditions.
Discussion and conclusion.—InAs/GaSb quantum
wells are 2D Z2 QSHIs with large bulk insulating gaps up
to ∼ 50 mev, and significant experimental progress has
been made [40–43] recently to observe their helical edge
states. Superconducting proximity effects in InAs/GaSb
quantum wells were also observed in experiments [44–46].
In particular, edge-mode superconductivity due to prox-
imity contact with an s-wave superconductor has been
detected through transport measurement [45], and giant
supercurrent states have been observed [46]. By engi-
neering a quantum device illustrated in Fig. 1, MCMs
should be observable.
Another potential material is the monolayer WTe2,
which has the desired band structure [47], and has been
5confirmed as a QSHI in recent experiments [48, 49]. S -
wave superconductor NbTiN has a high transition tem-
perature at ∼ 15K [50], while the proximity-induced su-
perconducting gap is usually much smaller ∼ 0.1 meV.
To achieve a comparable spin Zeeman splitting in tran-
sition metal dichalcogenides (TMDs), a small in-plane
magnetic field H > 25 mT is enough [51]. For Majorana
hinge modes in 3D, effective Zeeman fields could be in-
duced by doping magnetic impurities into 3D topological
insulators.
In conclusion, we have shown that a heterostructure
composing of QSHI/s-wave superconductor can become
a second-order topological superconductor with MCMs
in the presence of an in-plane Zeeman field. Because nei-
ther exotic superconducting pairings nor complex junc-
tion structures are required, our scheme provides a simple
and realistic platform for the experimental study of the
non-Abelian Majorana corner and hinge modes.
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